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a b s t r a c t
A fasciagraph consists of a sequence of copies of the same graph, each copy being linked to
the next one according to a regular scheme. More precisely, a fasciagraph is characterized
by an integer n (the number of copies or fibers) and a mixed graph M . In a rotagraph,
the last copy is also linked to the first one. In the literature, similar methods were used
to address various problems on rotagraphs and fasciagraphs. The goal of our work is to
define a class of decision problems for which this kind of method works. For this purpose,
we introduce the notion of pseudo-d-local q-properties of fasciagraphs and rotagraphs. For
a mixed graph M and a pseudo-d-local q-property P , we propose a generic algorithm for
rotagraphs (respectively, fasciagraphs) that computes in one run the data that allow one to
decide, for any integer n ≥ d (respectively, n ≥ d+2), whether the rotagraph (respectively,
fasciagraph) of length n based on M satisfies P , using only a small number of elementary
operations independent of n.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In algorithmic graph theory, operational research, and combinatorial optimization, most of the problems studied are
NP -hard. Nevertheless, some of them become easier (polynomial) if their study is restricted to particular subclasses of
graphs (trees, planar graphs, graphs of bounded tree-width, etc.). Among those classes of graphs, grids are widely studied
in the literature, especially to represent interconnection models of multiprocessors in VLSI systems (see the survey [12]).
Fasciagraphs and rotagraphs have been introduced to model different problems of polymer chemistry (see [4,6,8]). These
classes of graphs generalize grids.
In the literature, severalNP -hard problems are shown to be much easier (sublinear) when restricted on rotagraphs and
fasciagraphs, or subclasses of them. The method shared by these papers is the following. Given a mixed graph M , a closed
formula is computed by looking for paths or circuits of given length in an auxiliary directed graph. Then this formula enables
solving the problem for the fasciagraph (or rotagraph) based onM of length n for any n (see [1,3,5–11,13–15]).
However, in each of these papers, a proof is given to explain the validity of this approach to address the considered
problems on fasciagraphs or rotagraphs.
The goal of our work is to give a theoretical framework to characterize the class of problems for which this method can
be used. An attempt to give such a characterization is made in [9], but several problems are not included even though the
method could be used to address them.Moreover, the characterization is not correct: we give a counterexample for a part of
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Fig. 1. Example of a mixed graphM .
it in the Appendix.We address decision problems here by defining the notion of a pseudo-d-local q-property. In a subsequent
paper [16], we will provide a characterization for optimization problems.
This paper is organized as follows. Section 2 is dedicated to the concepts and definitions which are needed for the proper
understanding of the different results. In Section 3 we formally describe the class of problems we can deal with, and in
Section 4 we explain our algorithm in the case of rotagraphs. Sections 5 and 6 follow the same pattern as Sections 3 and 4,
but for problems on fasciagraphs. Section 7 is dedicated to a summary of the key results. Finally, we present in the Appendix
a counterexample to an assertion in [9].
2. Definitions for rotagraphs and fasciagraphs
We give the following definitions, which we will use in the rest of the paper.
Definition 1. Amixed graph M is a triple (V , E, A) in which V is a set of vertices, E is a set of 2-element subsets of V , and A is
a subset of V × V . The elements of E are called edges, and we denote an edge {u, v} by uv or vu. The elements of A are called
arcs (see Fig. 1).
Definition 2. A directed graph is a mixed graph G = (V , E, A), where E = ∅. We denote this graph by G⃗ = (V , A).
Definition 3. An undirected graph is a mixed graph G = (V , E, A), where A = ∅. We denote this graph by G = (V , E).
In the following, the word graph will refer to an undirected graph, unless otherwise specified.
Definition 4. Let G = (V , E) be a graph. A path of length k in G is a sequence of vertices v1, . . . , vk+1 such that vivi+1 ∈ E
for all i ∈ {1, . . . , k}.
Definition 5. Let G⃗ = (V , A) be a directed graph. A directed path of length k in G⃗ is a sequence of vertices v1, . . . , vk+1 such
that (vi, vi+1) ∈ A for all i ∈ {1, . . . , k}.
Definition 6. Let G⃗ = (V , A) be a directed graph. A directed circuit of length k in G⃗ is a sequence of vertices v1, . . . , vk, v1
such that (vi, vi+1) ∈ A for all i ∈ {1, . . . , k− 1}, and (vk, v1) ∈ A.
More generally, given a mixed graph M , the set of vertices of M will be denoted by V (M), the set of edges of M will be
denoted by E(M), and the set of arcs ofM will be denoted by A(M).
Definition 7. Let G⃗ = (V , A) be a directed graph whose vertices are labeled v1, v2, . . . , vn. The adjacency matrix of G⃗ is
the binary matrix of size |V | × |V |, denoted by Π G⃗, or Π if there is no ambiguity, and such that Π G⃗ij = 1 if and only if
(vi, vj) ∈ A (i, j ≤ |V |).
Definition 8. Let G = (V , E) be an undirected graph, and let u be a vertex of G. The neighborhood of u in G, denoted byNG(u),
orN (u) if there is no ambiguity, is the set of vertices of G linked to u by an edge: v ∈ NG(u)⇔ uv ∈ E.
Definition 9. Let G = (V , E) be an undirected graph, and let u be a vertex of G. The closed neighborhood of u in G, denoted
byNG[u], is equal toNG(u) ∪ {u}.
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Fig. 2. The fasciagraph ψ3(M) for the mixed graphM of Fig. 1.
Fig. 3. The rotagraph ω3(M), whereM is the mixed graph of Fig. 1.
Definition 10. Let G = (V , E) be a graph, and let D ⊆ V . A vertex x is said to be uniquely dominated by D if its closed
neighborhood contains a single vertex of D.
Definition 11. Given a mixed graph M = (V , E, A) and an integer n ≥ 2, the fasciagraph ψn(M) is the undirected graph
defined in the following way.
• V (ψn(M)) =ni=1 Vi, where Vi = {vi|v ∈ V } for i ∈ {1, . . . , n}.
• E(ψn(M)) = ni=1 Ei ∪ n−1j=1 Aj, where Ei = {uivi|uv ∈ E} for i ∈ {1, . . . , n} and Aj = {ujvj+1|(u, v) ∈ A} for j ∈{1, . . . , n− 1}.
We will say that a graph F is a fasciagraph if there exist an integer n ≥ 2 and a mixed graphM such that F = ψn(M) (see
Fig. 2).
Remark 1. The fasciagraph ψn(M) is made up of n copies of the undirected graph (V , E), connected according to a scheme
defined by the set of arcs A. In particular, for all i ∈ {1, . . . , n}, the graphMi = (Vi, Ei) is isomorphic to the graph (V , E).
Remark 2. Fasciagraphs generalize grids. Indeed, the graph associated to a grid of sizem×n is isomorphic to the fasciagraph
ψm(M), whereM = (V , E, A)with V = {v1, . . . , vn}, E = {vivi+1|i ∈ {1, . . . , n− 1}}, and A = {(vi, vi)|i ∈ {1, . . . , n}}.
Definition 12. Given a mixed graph M = (V , E, A), and an integer n ≥ 2, the rotagraph ωn(M) is the undirected graph
defined in the following way.
• V (ωn(M)) = V (ψn(M)).• E(ωn(M)) = E(ψn(M)) ∪ {unv1|(u, v) ∈ A}.
We will say that a graph R is a rotagraph if there exist an integer n ≥ 2 and a mixed graphM such that R = ωn(M) (see
Fig. 3).
Remark 3. In other words, given a mixed graphM = (V , E, A) and an integer n, the rotagraph ωn(M) is isomorphic to the
graph obtained by adding to ψn(M) a set of edges from the last fiber to the first one according to the scheme defined by A.
Definition 13. Given a rotagraph ωn(M), or a fasciagraph ψn(M), the undirected graph Mi = (Vi, Ei) for i ∈ {1, . . . , n} is
called the i-th fiber of this rotagraph or fasciagraph.
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3. Decision problems and q-properties of rotagraphs
Definition 14. Given a graph G = (V , E), we define a q-labeling as follows.
• A q-labeling of G is a function f : V ∪ E → {1, . . . , q}.
• A q-labeling of the vertices of G is a function f : V → {1, . . . , q}.
• A q-labeling of the edges of G is a function f : E → {1, . . . , q}.
We denote by Fq(G) the set of q-labelings of G.
Definition 15. Let P be a property of graphs. We will say that P is a q-property if there exists a property P ′ on q-labelings
of graphs such that, for every graph G, G has the propertyP if and only if there exists f ∈ Fq(G) such that f has the property
P ′.
Then we will say that P ′ is the characteristic property of labelings associated to P .
In the rest of the paper, the q-properties that we use will be given directly as their characteristic labeling property.
Substituting in the above definition the word graph by the word rotagraph (respectively, fasciagraph), we obtain the
definition of a q-property of rotagraphs (respectively, of fasciagraphs).
Definition 16. Given a q-property P , we denote by P (G) ⊆ Fq(G) the set of q-labelings of G satisfying the characteristic
property of P . In other words, G has the q-property P if and only if there exists f ∈ P (G).
Examples.
• The property ‘‘to be k-colorable’’: a graph G is said to be k-colorable if its vertices can be colored using at most k colors
avoiding adjacency between vertices of the same color. We notice that this property, denoted by Ck, is a k-property.
Indeed, it corresponds to a k-labeling of the vertices of G such that no two adjacent vertices are labeled the same.
• The property ‘‘to contain a perfect dominating set’’: a graph G = (V , E) has a perfect dominating set if there exists
W ⊆ V such that W is an independent set, and every vertex out of W has exactly one neighbor in W . We notice that
this property, denoted byD2, is a 2-property. Indeed it is characterized by 2-labelings of the vertices of G satisfying the
following propertyD ′2: each vertex is uniquely dominated by the set of vertices of label 1.• The property ‘‘to have a total q-coloring bounded by b’’ (for some integers q and b): a fasciagraph ψn(M) has a total
q-coloring bounded by b if there exists a q-labeling of the vertices and edges of ψn(M) such that
– adjacent vertices have different labels,
– adjacent edges have different labels,
– incident vertices and edges have different labels,
– for each fiber, the sum of the labels of its vertices is less than or equal to b.
Remark 4. The two first examples above are properties of graphs, whereas the third one is a property of fasciagraphs, since
it uses the notion of fiber.
We also notice that, for the two first examples, there are no constraints for the label on the edges. For such q-properties,
Fq(G) could be restricted to be the set of q-labelings of the vertices of G.
Similarly, for q-properties characterized by q-labelings of edges, one could restrict Fq(G) to be the set of q-labelings of
the edges of G.
All the results below are still valid with these alternative definitions of Fq(G).
Definition 17 (Partial q-Labeling of a Fasciagraph q-Labeling). Let M = (V , E, A) be a mixed graph, n ≥ 2, f ∈ Fq(ψn(M)),
1 ≤ i ≤ n, and 1 ≤ k ≤ n− i+ 1. We denote by fi,k the partial q-labeling of f which is the restriction of f on the fasciagraph
induced by the k consecutive fibersMi,Mi+1, . . . ,Mi+k−1. So fi,k ∈ Fq(ψk(M)).
Definition 18 (Partial q-Labeling of a Rotagraph q-Labeling). Let M = (V , E, A) be a mixed graph, n ≥ 2, f ∈ Fq(ωn(M)),
1 ≤ i ≤ n, and 1 ≤ k ≤ n. We denote by fi,k the partial q-labeling of f which is the restriction of f on the fasciagraph induced
by the k consecutive fibers from fiberMi. If i+ k−1 ≤ n, then the consecutive fibers will beMi, . . . ,Mi+k−1. If i+ k−1 > n,
then the consecutive fibers will beMi, . . . ,Mn,M1, . . . ,Mi+k−1−n. So fi,k ∈ Fq(ψk(M)).
Definition 19. Given an integer d ≥ 2, f ∈ Fq(ψn(M)) and g ∈ Fq(ψn′(M)) such that n, n′ > d and fn−d+1,d = g1,d, the
result of the d-concatenation of f and g denoted by f ◃d g is the q-labeling h ∈ Fq(ψn+n′−d(M)) such that h1,n = f and
hn−d+1,n′ = g (see Fig. 4). If there is no ambiguity, we will write ◃ rather than ◃d.
In [9], Klavžar and Vesel define two notions of heredity and d-locality of q-properties (see the Appendix). These notions
exclude several classical properties such as dominating properties (perfect domination, identifying codes, . . . ). In order to
cover awide range of problems, including in particular perfect domination, identifying codes, (2, 1)-labelings, etc., we define
a different notion of locality: the pseudo-d-locality.
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Fig. 4. Scheme of f ◃d g on two q-labelings f ∈ ψn(M) and g ∈ ψn′ (M).
Definition 20 (Pseudo-d-Locality for Rotagraphs). For an integer d ≥ 2, a q-propertyPq of rotagraphs is said to be pseudo-d-
local if there exists a q-property P locq on fasciagraphs of length d such that, for every mixed graph M = (V , E, A), for every
integer n ≥ d, and for every q-labeling f ∈ Fq(ωn(M)),
f ∈ Pq(ωn(M))⇔ fi,d ∈ P locq (ψd(M)) for every i ∈ {1, . . . , n}.
Example. Let us consider the 2-property D2 of perfect domination defined in the previous paragraph. This property is a
pseudo-3-local 2-property. Indeed, for every mixed graph M = (V , E, A) and for every 2-labeling f ∈ F2(ψ3(M)), we
define the 2-property D loc2 as follows: f ∈ D loc2 (ψ3(M)) if and only if f is a q-labeling of the vertices of ψ3(M) such that
∀u ∈ V (M2), u is uniquely dominated by f −1(1).
In other words, a 2-labeling f of a rotagraph ωn(M) (n ≥ 4) corresponds to a perfect dominating set if and only if the
restriction of f to each set of three consecutive fibers verifies the propertyD loc2 . Indeed, the neighborhood of a vertex inMi
is included inMi−1 ∪Mi ∪Mi+1 for i ∈ {1, . . . , n} (addition mod n).
4. Resolution method for pseudo-d-local q-properties of rotagraphs
4.1. The auxiliary graph G⃗R,d(M,Pq)
Given a mixed graph M = (V , E, A) and a pseudo-d-local q-property Pq of rotagraphs, we define the directed graph
G⃗R,d(M,Pq), which we will denote by G⃗R,d if there is no ambiguity, as follows.
• The vertices of G⃗R,d are the q-labelings of P locq (ψd(M)).
• (u, v) ∈ A(G⃗R,d)⇔ u2,d−1 = v1,d−1 (for all vertices u and v of G⃗R,d not necessarily distinct).
In the rest of the paper, we will use the same letter to indicate a vertex of G⃗R,d and the q-labeling that refers to it. We
will then say ‘‘the vertex x’’ and the ‘‘q-labeling x’’.
As an example, we provide in Fig. 5 an auxiliary graph corresponding to the 2-property of perfect domination defined in
Section 3.
4.2. Circuits of the auxiliary graph
Here, we give a necessary and sufficient condition, based on the existence of directed circuits on the auxiliary graph, for
a rotagraph ωn(M) to verify a pseudo-d-local q-property Pq.
Theorem 1. Let M = (V , E, A) be a mixed graph, and let Pq be a pseudo-d-local q-property. For all n ≥ d, Pq(ωn(M)) ≠ ∅ if
and only if there exists in G⃗R,d(M,Pq) a directed circuit of length n.
Proof. 1. Let us show first that, if there exists a directed circuit in G⃗R,d of length n, then Pq(ωn(M)) ≠ ∅. So, let γ be
a circuit in G⃗R,d : γ = u1, . . . , un, u1. By construction of G⃗R,d, the q-labelings u1, . . . , un belong to P locq (ψd(M)). Let
g = u1 ◃d−1 u2 ◃d−1 · · ·◃d−1 un−d+2. So g ∈ Fq(ψn+1(M)). From g , we define a q-labeling h of the rotagraph of size n,
based onM , i.e. h ∈ Fq(ωn(M)), as follows.
h1,n−1 ← g1,n−1 and hn−1,3 ← gn−1,3. Since Pq is a pseudo-d-local q-property, the q-labeling h belongs to Pq(ωn(M)).
2. Then let us show that, if Pq(ωn(M)) ≠ ∅, then there exists a directed circuit in G⃗R,d of length n. So, assume that there
exists g ∈ Pq(ωn(M)). Since Pq is a pseudo-d-local q-property, g is such that, for all 1 ≤ i ≤ n, gi,d ∈ P locq (ψd(M)), and
so gi,d is a vertex of G⃗R,d. Moreover, (gi,d, gi+1,d) ∈ A(G⃗R,d) for all i ∈ {1, . . . , n}. Thus, there exists in G⃗R,d a directed
circuit of length n : g = g1,d, . . . , gn,d, g1,d. 
4.3. Circuit detection
In this section, we recall a well-known Boolean algebra method that allows one to establish the existence of directed
circuits of given length in a directed graph G from its adjacency matrix.
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Fig. 5. Example of an auxiliary graph G⃗R,3(M,D2) for the 2-propertyD2 of perfect domination on a mixed graphM = (V = {x}, E = ∅, A = {(x, x)}) for
rotagraphs.
We denote byMn({0, 1}) the set of n × n binary matrices for n ∈ N. Given two elements A, B inMn({0, 1}), we define




(Aik ∧ Bkj) for i, j ∈ {1, . . . , n},
where ∨ and ∧ are the logical operators ‘‘or’’ and ‘‘and’’.
Notice that the product is associative. Given a matrix A ∈ Mn({0, 1}), the operation A · A · · · · · A  
k times
is denoted by Ak.
The following property is well known.
Property 2 (4.2 in [2]). Let Π be the adjacencymatrix of a directed graph G⃗ and k be any positive integer. For each i ∈ {1, . . . , n},
we have
(Π k)ii = 1⇔ there exists a directed circuit of length k from i to i in G⃗.
The next lemma is a particular case of Lemma 4 in [6], which is used to get constant-time algorithms to address problems
on fasciagraphs and rotagraphs.
Lemma 3. Let n ∈ N and C ∈ Mn({0, 1}). There exist two integers u and P such that, starting from Cu, the sequence of powers
of C is periodic of period P : ∀k ≥ u, Ck = Cu+((k−u) mod (P)).
Proof. There exist 2n2 distinct matrices in Mn×n({0, 1}). For every integer k, Ck ∈ Mn×n({0, 1}), so, in the sequence
C, C2, . . . , C2
n2+1
, there exist two equal elements.
Let CT be the first duplicated element of this sequence, that is, T is such that Ck ≠ C l for all integers k, l ≤ T − 1, and
there exists a unique integer u ≤ T − 1 such that Cu = CT .
Let P = T − u. Then the sequence of powers of C is
C, C2, . . . , Cu−1, [Cu, CT−1], [Cu, CT−1], . . . ,
where [Cu, CT−1] is the sequence of the P consecutive powers of C from u to T − 1. So, for every integer k ≥ T ,
Ck = Cu+((k−u) mod (P)). 
4.4. Presentation of the algorithm
In this section, we propose an algorithmwhich, given a mixed graphM = (V , E, A), a pseudo-d-local q-propertyPq, and
an integer n ≥ d, decides if ωn(M) satisfiesPq. In order to make this algorithm feasible, the following condition is essential.
Checkability condition: A pseudo-d-local q-property is called checkable if there exists a procedure which decides in finite
time if an element f of Fq(ψd(M)) belongs to P locq (ψd(M)) for any fixed mixed graphM .
Remark 5. In all of our previous examples, the q-properties are checkable. In fact we cannot imagine a q-property which
would not be checkable, but we need this condition for the applicability of the algorithm.
The algorithm is made of two parts: given a mixed graph M and a pseudo-d-local q-property Pq, a preprocess that is
executed only once computes the closed formula, and another part which uses the closed formula to decide, for any given
n, if ωn(M) satisfies Pq.
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Algorithm 1: Preprocessing procedure for a pseudo-d-local q-property Pq and a mixed graphM = (V , E, A).
Data: A mixed graphM = (V , E, A), a checkable pseudo-d-local q-property Pq .
Result: Integers u and P of Lemma 3, and a {0, 1}-vector T of length u+ P − 1 such that, for every integer i< u+ P , Ti = 1 if and only if there exists a
directed circuit of length i in the auxiliary graph G⃗R,d(M,Pq).
begin
Computation of the auxiliary graph G⃗R,d = (V⃗ , A⃗):
Computation of the vertex set V⃗ :
V⃗ ← ∅ ;
Generate all the elements of Fq(ψd(M));
forall f ∈ Fq(ψd(M)) do
Check if f ∈ P locq (ψd(M));
if f ∈ P locq (ψd(M)) then
V ← {f } ∪ V ;
Computation of the set of arcs A⃗ and adjacency matrixΠ of G⃗R,d:
A⃗ ← ∅;
Πuv ← 0 for all (u, v) ∈ V⃗2 ;
forall (u, v) ∈ V⃗2 do
if u2,d−1 = v1,d−1 then
A⃗ ← {(u, v)} ∪ A⃗ ;
Πuv ← 1;
Computation of powers ofΠ :
i ← 1;
Period← False;
while Period = False do
j ← 1;
whileΠ i ≠ Π j do
j ← j+ 1;
if j = i then
i ← i+ 1;
Computation of the newmatrixΠ i:
Π i ← Π i−1.Π ;
else
P ← i− j;
u ← j;
Period← True;
Computation of T :
T ← 0;
forall i ∈ {1, ..., u+ P − 1} do
forall j ∈ {1, ..., |V (G⃗R,d)|} do
Ti ← (Π i)jj ∨ Ti;
end
Algorithm 2: An answer to the question: Does there exist a q-labeling f ∈ Pq(ωn(M))?
Data: The vector T , integers u and P obtained by Algorithm 1 and an integer n ≥ d.
Result: Yes if there exists f ∈ Pq(ωn(M)), No otherwise.
begin
if n < u then
k ← n;
else
k ← u+ ((n− u) mod (P));





Theorem 4. Given a mixed graph M = (V , E, A) and a checkable pseudo-d-local q-property Pq, Algorithm 1 gives, in a number
of elementary operations depending only on M andPq, the data that allow Algorithm 2 to decide, for any integer n ≥ d, whether
the rotagraph ωn(M) has the property Pq, in a constant number of elementary operations.
Proof. By Theorem 1, we know that P (ωn(M)) ≠ ∅ if and only if there exists a directed circuit of length n in the directed
graph G⃗R,d, or, in other words, if and only if there exists i ≤ |V (G⃗R,d)| such that (Πn)ii = 1. Thanks to Lemma 3, we know
that, for n ≥ u, there exists in G⃗R,d a directed circuit of length n if and only if there exists one of length u+((n−u) mod (P)),
and by Algorithm 1 this is the case if and only if T [u+ ((n− u) mod (P))] = 1.
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Fig. 6. Representation of a pseudo-d-local q-property Pq .
The execution time of Algorithm 1 depends only on the mixed graph M = (V , E, A) and on the property Pq. Since the
mixed graph and the property Pq are fixed, Algorithm 1 is executed only once.
The output of this algorithm (integers u and P and the vector T ) allows Algorithm 2 to decide, in a constant number of
elementary operations, whether P (ωn(M)) ≠ ∅. 
5. Decision problems and q-properties of fasciagraphs
In this section, we present, for fasciagraphs, results similar to those developed for rotagraphs.
The notion of pseudo-d-locality for the case of q-properties of fasciagraphs is slightly more complex than in the context
of q-properties of rotagraphs, since it is necessary to deal with ‘‘side effects’’ (see Fig. 6). We redefine it as follows.
Definition 21 (Pseudo-d-Locality for Fasciagraphs). For an integer d ≥ 2, a q-property Pq of fasciagraphs is said to be
pseudo-d-local if there exist three q-properties P 1q , P
2
q , and P
3
q on fasciagraphs of length d such that, for every mixed graph
M = (V , E, A), for every integer n ≥ d+ 2, and for every q-labeling f ∈ Fq(ψn(M)),
f ∈ Pq(ψn(M))⇔

f1,d ∈ P 1q (ψd(M))
fi,d ∈ P 2q (ψd(M)) for every i ∈ {2, . . . , n− d}
fn−d+1,d ∈ P 3q (ψd(M)).
Here, the q-property P 2q plays the same role as the q-property P
loc
q presented in the definition of pseudo-d-locality for
the case of rotagraphs, P 1q and P
3
q being defined only to deal with side effects.
Example. Let us consider again the 2-propertyD2 of perfect domination (see Section 3). The 2-propertyD2 was pseudo-3-
local for rotagraphs.
D2 is also a pseudo-3-local 2-property of fasciagraphs. Indeed, for any mixed graph M = (V , E, A) and 2-labeling
f ∈ F2(ψ3(M)), we defineD12 ,D22 , andD32 , the following 2-properties of fasciagraphs on three fibers.
• f ∈ D12 (ψ3(M))⇔ ∀u ∈ V (M1) ∪ V (M2), u is uniquely dominated by f −1(1).
• f ∈ D22 (ψ3(M))⇔ ∀u ∈ V (M2), u is uniquely dominated by f −1(1).
• f ∈ D32 (ψ3(M))⇔ ∀u ∈ V (M2) ∪ V (M3), u is uniquely dominated by f −1(1).
It is easy to see that a 2-labeling f of a fasciagraph ψn(M) corresponds to a perfect dominating set if and only if the
following hold.
• The restriction of f induced by the three first consecutive fibers of ψn(M) satisfiesD12 .
• The restriction of f induced by three consecutive fibers of ψn(M) from fiber 2 to n− 3 satisfiesD22 .
• The restriction of f induced by the three last consecutive fibers of ψn(M) satisfiesD32 .
6. Resolution method for pseudo-d-local q-properties of fasciagraphs
6.1. The auxiliary graph G⃗F ,d(M,Pq)
The construction of the directed graph G⃗F ,d(M,Pq) for pseudo-d-local q-properties of fasciagraphs is similar to the one
for rotagraphs.
Given a mixed graph M = (V , E, A) and a pseudo-d-local q-property Pq of fasciagraphs, we define the directed graph
G⃗F ,d = G⃗F ,d(M,Pq), which we will denote by G⃗F ,d if there is no ambiguity, as follows.
• The vertices of G⃗F ,d are the q-labelings in P 1q (ψd(M)), P 2q (ψd(M)), and P 3q (ψd(M)) and two special vertices s and t:
V (G⃗F ,d) = P 1q (ψd(M)) ∪ P 2q (ψd(M)) ∪ P 3q (ψd(M)) ∪ {s, t}.
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Fig. 7. Example of the auxiliary graph G⃗F ,3(M,D2) for the 2-propertyD2 of perfect domination for fasciagraphs on a mixed graph M = (V = {x}, E =
∅, A = {(x, x)}). The properties satisfied by the labelings are indicated.
• For any q-labelings u and v not necessarily distinct,
(u, v) ∈ A(G⃗F ,d)⇔ u ∈ P iq(ψd(M)), v ∈ P jq(ψd(M)) and
u2,d−1 = v1,d−1 with i ∈ {1, 2} and j ∈ {2, 3},
(s, u) ∈ A(G⃗F ,d)⇔ u ∈ P 1q (ψd(M)),
(u, t) ∈ A(G⃗F ,d)⇔ u ∈ P 3q (ψd(M)).
Remark 6. Notice that the same vertex can satisfy several properties among P 1q , P
2
q , and P
3
q (see Fig. 7).
6.2. Directed paths of the auxiliary graph
Here, we give a necessary and sufficient condition, based on the existence of directed paths on the auxiliary graph, for a
fasciagraph ψn(M) to verify a pseudo-d-local q-property Pq.
Theorem 5. Let M = (V , E, A) be a mixed graph, and let Pq be a pseudo-d-local q-property. For all n ≥ d+ 2,Pq(ψn(M)) ≠ ∅
if and only if there exists in G⃗F ,d(M,Pq) a directed path from s to t of length n− d+ 2.
Proof. We show that there is a 1-to-1 correspondence between labelings in Pq(ψn(M)) and some paths of G⃗F ,d.
1. Let us show first that, if there exists a directed path γ = s, u1, . . . , un−d+1, t from s to t in G⃗F ,d of length n− d+ 2, then
Pq(ψn(M)) ≠ ∅. By construction of G⃗F ,d, u1 ∈ P 1q (ψd(M)), u2, . . . , un−d ∈ P 2q (ψd(M)), and un−d+1 ∈ P 3q (ψd(M)). Let
g = u1 ◃ · · · ◃ un−d+1. Since Pq is a pseudo-d-local q-property, the q-labeling g belongs to P (ψn(M)).
2. Then let us show that, if Pq(ψn(M)) ≠ ∅, then there exists a directed path from s to t in G⃗F ,d of length n − d + 2. So,
assume that there is g ∈ Pq(ψn(M)). Since Pq is a pseudo-d-local q-property, g is such that g1,d ∈ P 1q (ψd(M)), gi,d ∈
P 2q (ψd(M)) for all i ∈ {2, . . . , n − d}, and gn−d+1,d ∈ P 3q (ψd(M)). By definition of G⃗F ,d, gi,d is a vertex of G⃗F ,d
for all i ∈ {1, . . . , n − d + 1}, and (s, g1,d) and (gn−d+1,d, t) are arcs of G⃗F ,d. Moreover, for all i ∈ {1, . . . , n − d},
(gi,d, gi+1,d) ∈ A(G⃗F ,d). Thus, there exists in G⃗F ,d a directed path from s to t of length n− d+ 2. 
6.3. Path detection
The algorithm is based on the same method of Boolean algebra used for the q-properties of rotagraphs. Let Π be the
adjacency matrix of the directed graph G⃗F ,d, and let k be any positive integer. Then there exists a directed path in G⃗F ,d of
length k from i to j if and only if (Π k)ij = 1.
In the same way as before, it only remains to notice that there exists a period in the sequence of powers ofΠ . Moreover,
we need to keep only one row vector up to date rather than the entire matrix. Indeed, we just need to know if there is a path
in G⃗F ,d from s to t .
Given an integer n, amatrix C ∈ Mn({0, 1}), and an integer i ≤ n, we denote by C(i) the i-th row vector of C . The following
lemma is similar to Lemma 3, the difference being that we focus on a single row of the matrix (see Fig. 8).
Lemma 6. Let n ∈ N, C ∈ Mn({0, 1}), and i ≤ n. There exist two integers u and P such that, for all k ≥ u, Ck(i) =
Cu+((k−u) mod (P))(i).
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Fig. 8. Vizualization of the ‘‘periodicity’’ for a given row vector of the matrix.
Proof. There exist 2n distinct binary vectors of size n, so, given an integer i, there exist two equal elements in the sequence
C(i), C2(i), . . . , C2
n+1(i).
The rest of the proof is similar to the one of Lemma 3. 
6.4. Presentation of the algorithm
In this section, we propose an algorithm which, given a mixed graph M = (V , E, A), a pseudo-d-local q-property Pq,
and an integer n ≥ d+ 2, decides if ψn(M) satisfies Pq. In order to make this algorithm feasible, the following condition is
required.
Checkability condition: A pseudo-d-local q-property of fasciagraphs is called checkable if there exists a procedure which
decides in finite time if a given q-labeling of a fasciagraph of size d satisfies P 1q , P
2
q , or P
3
q .
The algorithm is made of two parts: a preprocessing that is executed only once, and another part corresponding to the
response algorithm using results of the preprocess. This algorithm is similar to the one presented before for rotagraphs.
Theorem 7. Given a mixed graph M = (V , E, A) and a checkable pseudo-d-local q-property Pq, Algorithm 3 gives, in a number
of elementary operations depending only on M and Pq, the data that allow Algorithm 4 to decide, for any integer n ≥ d + 2,
whether the fasciagraph ψn(M) has the property Pq, in a constant number of elementary operations.
Proof. By Theorem 5, we know thatP (ψn(M)) ≠ ∅ if and only if there exists a directed path from s to t of length n−d+2 in
the directed graph G⃗F ,d, or in other words, if and only ifΠn−d+2(s)t = 1. Thanks to Lemma 6, we know that, for n ≥ u, there
exists in G⃗F ,d a directed path from s to t of length n−d+2 if and only if there exists one of length u+((n−d+2−u) mod (P)),
and by Algorithm 3 this is the case if and only if T [u+ ((n− d+ 2− u) mod (P))] = 1.
The execution time of Algorithm 3 depends only on the mixed graph M = (V , E, A) and on the property Pq. Since the
mixed graph and the property Pq are fixed, Algorithm 3 is executed only once.
The output of this algorithm (integers u and P and the vector T ) allows Algorithm 4 to decide, in a constant number of
elementary operations, whether P (ψn(M)) ≠ ∅. 
7. Conclusion
In this paper, we have given a theoretical framework that allowed us to unify and expand, under a generic approach,
results already known concerning solving methods of several combinatorial problems for the class of rotagraphs and
fasciagraphs (see [1,3,9–11,14]). In the first section, we have given all definitions needed to understand our approach. We
have introduced pseudo-d-locality from the point of view of q-properties of rotagraphs. Then we have shown that, for all
checkable pseudo-d-local q-properties, there exists a method which, given a fixed mixed graphM , gives, in constant time, a
closed formula allowing one to decide, in a constant number of elementary operations, for every integer n, if the rotagraph
ωn(M) satisfies these properties. Finally, we showed similar results for the case of q-properties of fasciagraphs.
In a future work, we will adapt our method for optimization problems and implement it to some cases with small size of
fiber, as has been done in [9,14] and other papers. We also plan to use an alternative approach using monadic second-order
logic in order to propose other algorithms and give another characterization of pseudo-d-local q-properties.
Appendix
We present a counterexample to a part of one of the theorems presented by Klavžar and Vesel in [9]. We begin by giving
definitions of heredity and d-locality as presented in [9], but with our vocabulary.
Definition 22. A q-property of rotagraphs Pq is said to be hereditary if, for every mixed graph M = (V , E, A), for every
integer n, and for every q-labeling of vertices f ∈ Fq(ωn(M)),1
f ∈ Pq(ωn(M))⇒ fi,k ∈ Pq(ψk(M)) ∀i, k ∈ {1, . . . , n}.
1 In [9], q-labelings are only labeling functions of the vertices. In our approach, the definition domain of q-labelings includes vertices and edges letting
thus address a wider range of problems.
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Algorithm 3: Preprocessing procedure for a pseudo-d-local q-property Pq and a mixed graphM = (V , E, A).
Data: A mixed graphM = (V , E, A), a checkable pseudo-d-local q-property Pq satisfying the verifying condition
Result: Integers u and P of Lemma 6, and a {0, 1}-vector T of size u+ P − 1 such that for every integer i < u+ P , Ti = 1 if and only if there exists a directed
path from s to t of length i in the auxiliary graph G⃗F ,d(M,Pq).
begin
Computation of the auxiliary graph G⃗F ,d = (V⃗ , A⃗):
Computation of the vertices set V⃗ :
V ← {s, t} ;
Generate all the elements of Fq(ψd(M));
forall f ∈ Fq(ψd(M)) do
Check if f ∈ P 1q (ψd(M)) or f ∈ P 2q (ψd(M)) or f ∈ P 3q (ψd(M));
if f ∈ P 1q (ψd(M)) ∨ f ∈ P 2q (ψd(M)) ∨ f ∈ P 3q (ψd(M)) then
V ← {f } ∪ V ;
Computation of the set of arcs A⃗ and adjacency matrixΠ of G⃗F ,d:
A⃗ ← ∅;
Πuv ← 0 for all (u, v) ∈ V⃗2 ;
forall (u, v) ∈ V⃗ ∩ P kq (ψd(M))× V⃗ ∩ P lq(ψd(M)) for k ∈ {1, 2} and l ∈ {2, 3} do
if u2,d−1 = v1,d−1 then
A⃗ ← {(u, v)} ∪ A⃗ ;
Πuv ← 1;
forall u ∈ P 1q (ψd(M)) do
A⃗ ← {(s, u)} ∪ A⃗ ;
Πsu ← 1;
forall u ∈ P 3q (ψd(M)) do
A⃗ ← {(u, t)} ∪ A⃗ ;
Πut ← 1;
Computation of the vectors of the s-th row of powers ofΠ :
i ← 1;
Period← False;
while Period = False do
j ← 1;
whileΠ i(s) ≠ Π j(s) do
j ← j+ 1;
if j = i then
i ← i+ 1;
Computation of the new vectorΠ i(s):
Π i(s)← Π i−1(s).Π ;
else
P ← i− j;
u ← j;
Period← True;
Computation of T :
T ← 0;
forall i ∈ {1, ..., u+ P − 1} do
Ti ← Π i(s)t ;
end
Definition 23. Let d ≥ 2 be an integer. A q-propertyPq is said to be d-local if, for any rotagraphωn(M) and for any q-labeling
f ∈ Fq(ωn(M)),2
∀i ∈ {1, . . . , n}, fi,d ∈ Pq(ψd(M))⇒ f ∈ Pq(ωn(M)).
Proposition 8. The q-properties of rotagraphs which are both hereditary and d-local are also pseudo-d-local q-properties of
rotagraphs.
Proof. Let Pq be a hereditary and d-local q-property of rotagraphs. By Definition 20, Pq is also pseudo-d-local with
P locq = Pq. 
The directed graph Dd(M,Pq). GivenPq a hereditary and d-local q-property of rotagraphs, andωn(M) a rotagraph (n ≥ d+1),
the directed graph Dd(M,Pq) is defined as follows. Vertices are q-labelings of P (ψ2(M)), and arcs are defined according to
the value of d.
• If d = 2, for every f , g ∈ V (Dd(M,Pq)), (f , g) ∈ A(Dd(M,Pq)) if and only if f2,1 = g1,1.• If d = 3, for every f , g ∈ V (Dd(M,Pq)), (f , g) ∈ A(Dd(M,Pq)) if and only if f2,1 = g1,1 and f ◃ g ∈ Pq(ψ3(M)).
2 The definition given here has beenmodified for convenience in comparison to that given in [9]. Thus, our definition of d-locality ultimately corresponds
to the d+ 1-locality as described in [9].
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Algorithm 4: An answer to the question: Does there exist a q-labeling f ∈ Pq(ψn(M))?
Data: An integer n ≥ d+ 2, the vector T , integers u and P obtained by Algorithm 3
Result: Yes if there exists f ∈ Pq(ψn(M)), No otherwise
begin
if n− d+ 2 < u then
k ← n;
else
k ← u+ ((n− d+ 2− u) mod (P));





Fig. A.9. A chain on five vertices satisfies Cent2: the full vertex is labeled 2, and empty vertices are labeled 1.
Fig. A.10. A mixed graphM .
• If d ≥ 4, the graph has two types of arc.
– Classical arcs: for every f , g ∈ V (Dd(M,Pq)), (f , g) ∈ A(Dd(M,Pq)) if and only if f2,1 = g1,1.
– d-arcs: for every f , g ∈ V (Dd(M,Pq)), (f , g) is a d-arc if and only if there exists a path γ = f1, f2, . . . , fd−1 of length
d− 2 whose q-labeling g = f1 ◃1 f2 ◃1, . . . ,◃1 fd−1 is such that g ∈ Pq(ψd(M)).
We present below, with our vocabulary, the assertion presented in [9] as ‘‘Theorem 1’’.
Assertion 9. Let Pq be a hereditary and d-local q-property, and let ωn(M) be a rotagraph (n ≥ d + 1 ≥ 3). The set
Pq(ωn(M)) ≠ ∅ if and only if Dd(M,Pq) contains vertices f1, f2, . . . , fn (not necessarily distinct) such that, for all i ∈ {1, . . . , n},
• (fi, fi+1) is an arc of Dd(M,Pq), and
• if d ≥ 4, (fi, fi+d−2) is a d-arc of Dd(M,Pq).
For d ∈ {2, 3}, Assertion 9 is correct as proved in [9]. It can also be easily deduced from our previous results (Proposition 8
and Theorems 1 and 5). Notice that, in [9], this assertion is used only for d ≤ 3; thus all the other results in [9] are valid.
For d = 5, we present a counterexample of Assertion 9 which can be generalized for any d ≥ 5.
For that purpose, we define the 2-property Cent2 of (rota)graphs as follows.
Definition 24. Let G = (V , E) be an undirected graph. A chain in G is a path in which no vertex appears twice.
A (rota)graph R verifies Cent2 if and only if there exists a 2-labeling f of R such that, for any chain v,w, x, y, z, we have
f (v) = f (w) = f (y) = f (z) = 1 and f (x) = 2 (see Fig. A.9).
This 2-property is hereditary and 5-local. Indeed, if R satisfies Cent2, then every subgraph of R satisfies Cent2, and if all
5-tuples of consecutive fibers of R satisfy Cent2, then R satisfies C2, since every chain on five vertices of R is contained in a
5-tuple of consecutive fibers of R.
Moreover, it is easy to check that a graph that contains a chain on six vertices cannot satisfy the property Cent2.
For the mixed graphM = (V , E, A) of Fig. A.10, the rotagraph ωn(M) is a cycle of length n.
Let us build the directed graph D5(M,Cent2) (see Fig. A.11).
The arc (Z, Z) (dotted in the figure) is a d-arc. Indeed, the 2-labeling g = Z ◃1 Y ◃1 W ◃1 Z is such that g ∈ Cent2(ψ5(M)).
The function g = Z ◃1 Z ◃1 · · ·◃1 Z satisfies both conditions of the assertion, and yet, for every n ≥ 6, ωn(M) does not
satisfy Cent2, since it contains a chain of six vertices. 
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Fig. A.11. The graph D5(M,Cent2).
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